Abstract. We investigate the local structure of four-dimensional Lorentzian quasi-Einstein manifolds under conditions on the Weyl tensor. We show that if the Weyl tensor is harmonic and the potential function preserves this harmonicity then, in the isotropic case, the manifold is necessarily a pp-wave. Using the quasi-Einstein equation, further conclusions are obtained for pp-waves.
Introduction
Let (M, g) be a Lorentzian manifold of dimension 4. (M, g) is said to be quasiEinstein (qE) if there exist a smooth function f and a constant µ so that the Bakry-Émery-Ricci tensor ρ µ f := ρ + Hes f − µdf ⊗ df is a multiple of the metric g: (1) Hes f + ρ − µ df ⊗ df = λ g.
Here ρ and Hes f denote the Ricci tensor and the Hessian of f , respectively. The Bakry-Émery-Ricci tensor ρ µ f naturally appears on manifolds with density and was recently used to extend splitting theorems (see [25, 26] ) or to obtain singularity theorems of cosmological type (see [11, 17, 23, 25] ).For convenience, we denote this structure with the quadruple (M, g, f, µ). λ is a function determined by the trace of (1): (2) 4λ = ∆f + τ − µg(∇f, ∇f ), where τ denotes the scalar curvature. Quasi-Einstein structures generalize wellknown families of manifolds such as Einstein manifolds, conformally Einstein manifolds, gradient Ricci solitons or κ-Einstein solitons [2, 5, 6, 10, 15] . If µ = 0, equation (1) is linearized by the change of variable h = e −µf and transforms into Hes h −µhρ = −µhλg. Particularizing µ = 1 and λ = − 1 4 ∆h h − τ one obtains the static perfect fluid equation [13] , where h is an arbitrary function. Moreover, one recovers the characterizing equation of critical metrics for the quadratic functional given by the L 2 -norm of the scalar curvature on metrics of fixed volume by additionally specifying h = τ (see [1] ).
The Einstein equation on a general warped product structure gives rise to the qE equation on the base for constant λ. Indeed, for a warped product M = B × ϕ F , if M is Einstein then (B, g B ) is qE for µ = 1 dim F > 0. Furthermore, the converse is also true for a suitable fiber F and one can build examples of Einstein warped products from solutions to the qE equation [14] .
The potential function of (1) defines a conformal deformationg = e −f g that transforms the Ricci tensor as follows (see, for example, [16] )
Hence,g is Einstein if and only if f is a solution to the qE equation for µ = − 1 2 . For this reason, this particular value of µ is distinguished and solutions to this particular case exhibit a different behavior than solutions for other values of µ (see [3, 8] for examples of this fact). For other values of µ, µ = − 1 2 , a solution to the qE equation gives rise to a conformal metricg with associated Ricci tensorρ given byρ
Thus, if ∇f is timelike, the underlying geometric structure of the manifold is that of a perfect fluid spacetime [21] . These manifolds have been largely investigated; we refer to [24, 20] for old and recent examples where conditions on the Weyl tensor were considered. It is well-known that the curvature tensor of a pseudo-Riemannian manifold is determined by its Ricci and Weyl tensors. The qE equation provides information on the Ricci tensor very directly, but not on the Weyl tensor. Hence it is common to find examples in the literature where qE manifolds, or any of its subfamilies, are considered under the hypothesis of local conformal flatness (see, for example, [3, 7] ). We consider weaker conditions in this regard, namely that the Weyl tensor is harmonic and that the conformal metricg = e −f g also has harmonic Weyl tensor, i.e. div W = divW = 0.
The divergence of the Weyl tensor is modified by a conformal changeg = e −f g as divW = div W − 1 2 W (·, ·, ·, ∇f ), so the fact thatW is also harmonic translates into the condition W (·, ·, ·, ∇f ) = 0 (see [16] ). Note that the qE equation also provides information on the level sets of the potential function by means of their second fundamental form Hes f . The situation is very different depending on the character of ∇f : if ∇f is spacelike or timelike (non-isotropic case) then the level sets of f are non-degenerate hypersurfaces. We will see that the classification result resembles the Riemannian one in this case, implying that if ∇f is timelike then the manifold is a Robertson-Walker spacetime (see Subsection 2.1). Hence we are concentrating on the isotropic case, i.e. ∇f is lightlike, and thus the level sets of f are degenerate hypersurfaces. This exhibits the genuinely new and more interesting situations and is treated in Subsection 2.2. We show that 4-dimensional isotropic qE manifolds are pp-waves, but not necessarily plane waves (Theorem 2.9). We provide remarks extending the four-dimensional results to higher dimensions. In Section 3 we analyze isotropic qE pp-waves more deeply and provide a convenient characterization, showing that either they are locally conformally flat or the necessary and sufficient condition for a pp-wave to be isotropic qE is to have harmonic Weyl tensor (Theorem 3.4).
Quasi-Einstein Lorentzian manifolds
The objective in this section is to study the rigidity of the underlying structure of a qE manifold. In order to analyze the geometric objects associated to the qE equation, we first derive some formulas which involve different tensors giving information of the geometry of the manifold. We fix the curvature sign convention defining
Recall the expression for the Weyl tensor in dimension 4:
Proof. The divergence of Equation (2) combined with the Bochner formula, div Hes f = d∆f + ρ(∇f, ·), and the Contracted Second Bianchi Identity, div ρ = 1 2 dτ , gives Equation (4). Substituting ∆f and hes f (∇f ) using (1), leads to (5). Finally, applying (1) one gets:
from where (6) follows. The expression for the divergence of the Weyl tensor is
so one can substitute the curvature term R(X, Y, Z, ∇f ) in the definition of the Weyl tensor (3) using expression (6) , and then substitute (∇ X ρ)(Y, Z) − (∇ Y ρ)(X, Z) using the divergence of the Weyl tensor to get Equation (7).
If (M, g) is qE for µ = − 1 2 , theng = e −f g is Einstein, so divW = 0. This implies that div W = 0 and W (·, ·, ·, ∇f ) = 0 are equivalent conditions. Our techniques do not apply in this particular case and the statements of Theorem 2.3 and Theorem 2.9 below are no longer true if µ = − 1 2 . In fact, a locally conformally flat Lorentzian 4-dimensional manifold is qE for µ = − 1 2 and satisfies div W = 0 and W (·, ·, ·, ∇f ) = 0, but it is not necessarily a warped product or a pp-wave.
Non-isotropic quasi-Einstein manifolds.
In this subsection we assume that the level sets of the potential function are nondegenerate hypersurfaces and explore the structure of qE manifolds assuming conditions on the Weyl tensor. Since ∇f = 0 we set E 1 = ∇f / ∇f and complete it to an orthonormal frame Proof. Since W (X, ∇f, Z, ∇f ) = 0 for all vector fields X, Z, since div W = 0 and since µ = − 1 2 , we obtain from (7) that
We set X = E i , for i = 1, and Z = ∇f to see that 2 ∇f 2 ρ(E i , ∇f ) = 0, so ρ(E i , E 1 ) = 0. By setting X = E i and Z = E j with i = j and i, j ≥ 2, we see that ρ(E i , E j ) = 0.
The following result shows that a qE manifold whose Weyl tensor is harmonic for the metrics g and e −f g is a Robertson-Walker spacetime if ∇f is timelike (µ = − 1 2 ). Theorem 2.3. Let (M, g, f, µ) be a non-isotropic qE Lorentzian structure of dimension 4 with µ = − Proof. We use Equation (8) setting X = Z = E i , with i = 1, and
Then, from Equation (1), we get that Hes f (E i , E j ) = 0, for i = j, and, moreover,
for all i = 1. Thus, it follows that the level hypersurfaces of M are totally umbilical. Furthermore, the distribution generated by ∇f is totally geodesic. Hence (M, g) decomposes locally as a twisted product of the form I × ϕ N , where I ⊂ R is an open interval, N is an (n − 1)-dimensional space and ϕ is a function on I × N (see [22] ). Moreover, since the Ricci tensor is diagonal, the twisted product reduces to a warped product of the form I × ϕ N (see [9] ), for a certain function ϕ on I. Since (M, g) has harmonic Weyl tensor, then N is Einstein (see, for example, [12] ). Since N is Einstein and 3-dimensional, N has constant sectional curvature and (M, g) is locally conformally flat (see [4] ). Proof. Since ∇f = 0, we have Hes f (X, ∇f ) = 1 2 Xg(∇f, ∇f ) = 0, so ∇ ∇f ∇f = 0. From Equation (1) we get Ric(∇f ) = λ∇f .
We evaluate Equation (7) with Y = ∇f to see that
Therefore, we conclude that τ = 4λ. Now, from Equation (2) we get ∆f = 0. Hence, using Equation (4), we obtain ∇λ = −λ∇f . The following result shows that the null vector field ∇f generates a parallel distribution, so the underlying manifold of the qE structure is a Brinkmann space. Proof. Since div W = 0 and W (·, ·, ·, ∇f ) = 0, we use Equation (7) to see that,
Since ∇f = 0 and ∇f = 0, we consider a local frame B = {∇f, U, X 1 , X 2 } such that the only non-zero metric products in B are g(U, ∇f ) = g(X i , X i ) = 1, for i = 1, 2. Moreover, from Lemma 2.5, Ric(∇f ) = λ∇f . Hence, we use Equation (9) to obtain that ρ(X i , X j ) = 0 if i = j, ρ(X i , X i ) = τ −λ 3 = λ and ρ(X i , U ) = 0. Then, we use Equation (1) to see that the Hessian operator vanishes for every element of B but U , so ∇ X ∇f ∝ ∇f for all X and, hence, span{∇f } is a null parallel distribution. Now, we concentrate on the analysis of the curvature components. Because D = span{∇f } is parallel and lightlike, there are several terms of the curvature tensor that vanish identically, one has
Note from Equation (6) that, if the Weyl tensor is harmonic, the curvature components R(·, ·, ·, ∇f ) can be written as follows:
Moreover, using that τ = 4λ and ∇λ = −λ∇f this expression reduces to:
Recall from [19] that a spacetime is said to be of pure radiation if ρ(·, ·) = φg(X, ·)g(X, ·) for a null vector field X. Moreover, if X is parallel, then one has a pure radiation metric with parallel rays. Lemma 2.7. Let (M, g, f, µ) be isotropic qE with µ = − Proof. We use the basis B from the proof of Lemma 2.6. On the one hand, by Equation (11) we see that R(X i , U, X i , ∇f ) = λ 3 . On the other hand, by Equation (10), we know that R(∇f, X i , U, X i ) = 0. Therefore λ = 0. Now the only non-zero component of the Ricci tensor is ρ(U, U ) so g is a pure radiation metric with parallel rays (see [19] ). The following result specifies the structure of the manifold for an isotropic qE structure in dimension four. Proof. We have already seen that, under the hypotheses of Theorem 2.9, ∇f is a null recurrent vector field (Lemma 2.6) and that the Ricci tensor is isotropic (Lemma 2.7). Hence, (M, g) is a pp-wave if, moreover, R(D ⊥ , D ⊥ , ·, ·) = 0 (see [18] ). We work with the basis B = {∇f, U, X 1 , X 2 } given above. Using (10) , to see that R(D ⊥ , D ⊥ , ·, ·) = 0 we only need to verify that R(X 1 , X 2 )X i = 0, for i = 1, 2. More specifically, it is enough to check that R(X 1 , X 2 , X i , U ) = 0 and that R(X 1 , X 2 , X 1 , X 2 ) = 0. We compute
By (11) we have that R(U, X 1 , ∇f, U ) = 0, so R(X 2 , X 1 , X 2 , U ) = 0 as well. Analogously, we get that R(X 1 , X 2 , X 1 , U ) = 0. Now, we compute
Isotropic Quasi-Einstein pp-waves
In this section we consider 4-dimensional pp-waves (R 4 , g ppw ) with local coordinates (u, v, x 1 , x 2 ) such that
. Note that the degenerate parallel line field is D = span{∂ v }. To continue the analysis of qE pp-waves, we distinguish the case in which the manifold is locally conformally flat. 
Proof. During the analysis of the previous section we observed (see Lemma 2.7) that under the hypotheses div W = 0 and W (·, ·, ·, ∇f ) = 0 we have that, necessarily, λ = 0. Locally conformally flat pp-waves with λ = 0 were studied in [3] , showing that they are plane waves as above with f being a solution to the given equation.
Henceforth we consider the parameter µ to be arbitrary. The following lemma is a direct computation, so we omit the details of the proof. 
In what follows we are going to work repeatedly with the terms of the qE equation so, for a convenient notation, we define the operator Q(f ) := Hes f +ρ−µdf ⊗df −λg. Before we characterize non-locally conformally flat qE pp-waves, we provide the following useful lemma. Proof. We use the local form given by Equation (12) and begin by computing: (14) Q(f ) 22 = ∂ 2 v f − µ∂ v f. Now, the analysis is different depending on whether µ equals 0 or not. We distinguish the two cases: µ = 0: from (14), f has the form f (u, v,
). From the qE equation again,
Differentiating these expressions with respect to x 1 and x 2 we see that ψ∂ (13), we obtain W = 0, contrary to our assumption. Therefore, we conclude that ψ = 0, so f does not depend on v. µ = 0: we argue by contradiction and assume that f depends on v. Hence, from (14) we get that f has the following form:
A new computation shows that
and φ(u, x 1 , x 2 ) = φ 1 (u, x 1 ) + φ 2 (u, x 2 ). We continue by computing
and, since the numerator must vanish identically, we differentiate with respect to x 2 to see that
Hence, comparing these expressions we conclude that ∂
Also, we get that λ(u, v, x 1 , x 2 ) = µν ′ µv+φ . Now, we check that
Since both numerators must vanish identically, we differentiate the first one with respect to x 1 and the second one with respect to x 2 to see that
H and, since we already know that ∂ x1 ∂ x2 H = 0, we have from (13) that W = 0. This contradicts the assumption that (R 4 , g ppw ) is non-locally conformally flat, so we conclude that f does not depend on v.
The following result shows that a necessary condition for a pp-wave which is not locally conformally flat to be isotropic qE is precisely that the Weyl tensor is harmonic. And, moreover, every pp-wave with harmonic Weyl tensor is, at least locally, an isotropic qE manifold for any µ. 
H. If any of these conditions holds, then W (·, ·, ·, ∇f ) = 0 and f = f (u) is given by
Proof. We consider a non-locally conformally flat pp-wave (R 4 , g ppw ) as given in (12) and work in local coordinates. We assume (R 4 , g ppw , f, µ) is qE. A direct computation shows that for arbitrary f we have
By Lemma 3.3 f does not depend on v, so ∇f 2 = (∂ x1 f ) 2 + (∂ x2 f ) 2 . Hence ∂ x1 f = ∂ x2 f = 0 and f = f (u). A direct computation of the qE equation shows that Q(f ) 33 = Q(f ) 44 = −λ, so λ = 0. Now, the only non-vanishing term in the qE equation is
2 ) and (i) implies (iii). Now, assuming ∆ x H = ϕ(u), we differentiate with respect to x 1 and to x 2 to see that ∂ (13) we conclude that div W = 0 and (ii) follows, so (iii) implies (ii).
Finally, we assume (ii) holds. Then, from (13) we have ∂ If (i) holds, then f = f (u) satisfies (15) and, moreover, ∇f = f ′ ∂ v . Hence, from the expression of W in (13) we have that W (·, ·, ·, ∇f ) = 0 and the theorem follows.
Note that in Theorem 3.4 there is no restriction on µ. Thus, in particular, it works for µ = − 
